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A COMPARISON OF  NON-L INEAR EQUATION SOLVERS 
ABSTRACT 
A comparative study of 10 FORTRAN and ALGOL 
programs for solving non-linear equations with one 
unknown, without using derivatives, was made. This 
paper gives the results and conclusions of the study. 
1. PROGRAMS 
The following algorithms were compared : 
- Algorithm ZEROIN (1) [4] 
- Algorithm ZEROIN (2) [3] 
- Algorithm ZEROINRAT [3] 
- Algorithm A [ 1] 
- Algorithm ILLINOIS [5] 
- Algorithm PEGASUS [6] 
- Algorithm HYP [8] 
- Algorithm ZERO [2] 
- Algorithm ZEROIN (3) [10] 
- Algorithm RTMI [7] 
The input of each algorithm consists of the endpoints 
of an interval containing one or more zeros and a 
tolerance . 
The output is an interval of length less than 2 e, con- 
taining a zero or a value approximating a zero to with- 
in a tolerance . 
2. TEST FUNCTIONS 
For comparison of the algorithms the following test 
functions were used : 
Group A : (from [9 ]) 
1. f (x) = (x - 1) (x -  2) (x -  3) (x -4 )  (x -  5) (x -  6) 
on the interval a. [0,1.5] 
b.  [1 .1 ,2 .5 ]  
c. [2.1,3.5] 
d. [3.1,4.5] 
e. [4.1,5.5] 
f. [5.1,6.5] 
2. f (x) = sin x 
on the interval a. [1,6] 
b. [1,1oi 
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3. f(x) = (x2+1) sin x -  exp ((Ixl) )(x-1)(x"- 5) 
on the interval [0,1] 
4. f(x)_- (x+l )  / (x2+2) 
on the interval [- 2.5,0.5] 
5. f (x )=x  2-1 
on the interval a. [-1.5,0] 
b. [0,3] 
6. f (x )=x  20-1  
on the interval a. [-4,-0.5] 
b. [0.5,10] 
7. f (x) = sin x - x/2 
on the interval [-0.1,0.3] 
8. f (x) = x exp (-x) 
on the interval [-2,0.75] 
9. f (x )=4x3-8x  2 +9x-18  
on the interval [0,10] 
10. f (x )=x  3 -5x  2+17x+21 
on the interval [-1,10] 
11. f(x) = cos x -  xexp (x) 
on the interval [-2,0] 
12. f (x) = tgx -  cos x - 0.5 
on the interval [0,3] 
13. f (x) _- x 3-  x -  1 
on the interval [0,2] 
14. f (x) _-- x -  exp (- x) 
on the interval [0,1] 
15. f (x) = tg x - 1.01 x 
on the interval [0.01,0.7] 
16. f(x) = tgx -  2x 
on the interval [0.5,1.5] 
17. f(x) = tgx -30x  
on the interval [1,1.57] 
18. f(x) = x3-2x -  5 
on the interval [0,3] 
19. f (x) -_ x(x- 3) - 4(sin x) 2 
on the interval [3,4] 
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20. f (x )= x 4 -3x  3 -54x  2 -150x-100 
on the interval [-2,0] 
These are rather simple functions. 
Group B: (from [31) 
I. Functions with a simple zero in the interval con- 
sidered :
1. f (x )= s inx -0 .5  
on the interval [0,1.5] 
' 2. f (x) = 
3. f (x) = 
x n + 10 --4 
on the interval [-0.75,0.5] 
a. n=3 
b.n=5 " 
c .  n=9 
d. n=19 
x n + x + 10 -4 
on the interval [-0.75,0.5] 
a. n=3 
b.n=5 
c. n=9 
d. n=19 
2. f (x )= 2xexp( -n )+ l -2exp( -nx)  
on the interval [0,1] 
a. n~l  
b.n=2 
c. n=3 
d.n=4 
3. f (x )=( l+(1-n)  2) x - (1 -nx)  2 
on the interval [0,1] 
a. n~l  
b.n=5 
c. n=10 
4. f (x )= x 2 - (1 -x )  n 
on the interval [0,1] 
a .h=l  
b .n=5 
c. n=10 
These functions have one inflection point on [0,1] 
III. Simple polynomials with a multiple zero : 
n f (x )= x 
on the interval [-1,10] 
a. n-~-~3 
b.n=5 
c. n=7 
d .n=9 
e .  n=19 
L n=25 
IV. A function having derivatives which vanish at the 
zero of the function :
f (x )= 0 i fx=0 
= x exp (-x -2) otherwise 
on the interval [-1,4] 
5. f (x )= (1+(1-n)  4) x - (1 -nx)  4 
on the interval [0,1] 
a. n_ - - i  
b. n=4 
C. n~8 
These functions have one turning point and one in- 
flection point on [0,1] 
6. f (x )= (x -1)  exp( -nx)+x n 
on the interval [0,1] 
a. n~l  
b.n=5 
c. n=10 
This is a family of curves increasingly 
closer to the x-a~ds for large n. 
3. RESULTS 
The test has been performed on the IBM 370/158 
computer of the Computing Centre of the University 
of Leuven, using double precision (approximately 16 
decimal digits). 
The tolerance was chosen to be 10 -12 .
The results for the test functions are presented in
Tables 1, 2, 3, 4, 5. In these tables we give the number 
of function evaluations needed for the various algorithms 
to find a zero to within the required accuracy. 
An entry F means : incorrect result 
U means : underflow during execution. 
4. CONCLUSION 
II. Functions having a simple zero and an inflexion 
point of order n -  1 or n at the zero or in its 
neighbourhood. 
1. f (x )= xn+x 
on the interval [-0.75,0.5] 
a .  n=3 
b .n=5 
c .  n_ -9  
d. n=19 
We conclude that the algorithm ZEROIN (1) of Dekker 
and the modifications ZEROIN (2) [3], ZEROINRAT 
[3] and ZERO [2] behave well for the set of test func- 
tions considered. 
From these four algorithms the algorithm ZEROINRAT 
seems to give the best results. 
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TABLE 1 : Test functions o f  Group A.  
- -  , .= ,  ~ . ,  ~ ~ 
H m ° m m 
la  13 13 12 12 lh  lh  10 12 24 14 
I"o 9 9 9 11 10 11 9 9 22 16 
l c  11 10 10 11 9 10 9 10 9 15 
ld  10 10 11 12 12 13 9 10 37 15 
le 12 12 11 13 13 15 9 11 31 15 
I f  13 13 11 11 16 ~h I0 13 ~2 17 
2a 10 10 10 10 9 12 I0  10. 1 ~' 16 
2b 10 lo  11 10 9 13 11 9 13 13 
3 9 9 8 9 9 I0 I0 8 16 15 
12 12 10 12 12 10 3 11 11 3 
5a 10 10 9 11 11 11 8 10 20 lb. 
5b 12 12 6 12 11 I0  9 12 5 16 
6a 20 20 15 53 53 52 13 19 27 23 
6b 21 21 19 80 3 78 14 21 21 25 
7 
8 
9 
10 
11 
12 
13 
15 
~6 
17 
18 
19 
2O 
7 7 7 7 6 7 4 7 7 12 
13 13 10 ~5 lh  13 lO 13 23 16 
11 11 11 17 16 lh  lO 11 11 16 
8 8 7 9 8 9 9 8 8 i~ 
8 8 8 11 10 10 lO 8 8 15 
I0 10 8 12 10 I0 11 9 21 13 
12 12 11 17 13 13 10 11 27 15 
8 8 ? 1o 8 8 8 8 19 lo 
15 ~ 13 ~7 17 16 12 lh  20 19 
13 13 11 8 15 18 10 13 13 15 
15 15 i3 7 ~9 18 11 15 15 16 
,12 12 11 lh  13 ~4 10 11 28 15 
8 8 7 10 9 9 11 8 16 15 
11 11 10 12 11 12 3 11 11 3 
Tota l  323 !321 286 h33 360 hhh 263 312 h89 h l l  
TABLE 3 : Test functions of  Group B II. 
l a  8 8 9 8 7 10 h7 9 17 12 
Ib 7 7 8 8 7 9 ~7 9i I~ 12 
le 6 ? 7 8 5 9 8 8 12 10 
~a 6 6 6 7 5 8 7 7 9 ~0 
2a 20 22 19 20 17 24 h8 19 27 ~8 
2b 22 17 17 23 20 25 11 16 2h 22 
2c 21 17 16 ~0 23 25 lh  18 23 21 
2d 15 15 13 h3 18 19 13 15 27 22 
3a 8 8 9 8 8 11 ~7 9 17 12 
3b 7 7 8 8 7 lh h7 9 lh 12 
3e 6 7 7 8 5 12 8 8 12 10 
3~ 6 6 6 7 5 10 7 7 9 10 
Total 132 127 12~ 188 127 176 304 13~ 205 171 
TABLE 4 : Test functions of  Group B III 
Funct ion  ~ ~ ~ o 
a 100 129 79 102 85 261 50 127: 85 5h 
b 176 136 19h 177 ~63 300 5o 109 89 u 
c h33 135 16h 220 220 320 50 93 U U 
d ~I000 107 I~9 22~ 233 33h 50 89 U U 
e ~I000 60 78 231 F 380 ~0 ~8 U U 
f ,1000 55 64 232 F ~03 50 38 U U 
Tota l  / 622 728 186 / 1998 300 50h / / 
TABLE 2 : Test functions of  Group B I. 
'= ' '~ '  ~ ~ 
1 10 10 9 10 9 12 8 9 18 l h  
2~ 9 9 7 9 9 9 8 8 18 12 
2b ": 10 10 8 10 11 9 8 10 20 lh  
2c 10 10 10 9 9 10 8 9 21 lh  
2d 11 11 10 11 12 11 9 10 20 15 
3a 9 9 8 8 9 9 9 9 9 lh 
3b 9 9 9 10 9 9 10 9 12 17 
3c 9 9 9 8 8 10 12 8 13 ~6 
~s 9 10 8 9 9 11 8 9 10 l h  
4b 10 10 9 10 8 10 10 9 10 16 
hc 11 11 10 11 10 13 1G 10 11 16 
5s ~0 11 8 9 9 10 8 i0  . I~  16 
5b 8 6 9 • 9 8 h3 8 13 ~]  
5c 7 7 8 9 8 7 ~2 7 ~6 1~ 
6~ 9 9 7 9 9 9 8 8 9 12 
6~ 9 9 9 9 10 12 ~7 9 9 ~h 
6c 10 10 10 10 1~ 16 10 9 10 16 
Tota l  ~160 162 lh8  160 162 175 258 351 230 252 
TABLE 5 : Test functions of  Group B IV. 
g N N H o 
• 1000 19 23 227 22h U 50 18 U U 
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